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Abstract. Let F be a finite field and {Q, d) an acycHc valued quiver with associated exchange matrix B. 
We follow Hubery's approach IHll to prove our main conjecture of IRull : the quantum cluster character 
gives a bijection from the isoclasses of indecomposable rigid valued representations of Q to the set of non- 
initial quantum cluster variables for the quantum cluster algebra ^|f|(B,A). As a corollary we find that, 
for any rigid valued representation V of Q, all Grassmannians of subrepresentations Gr^ have counting 
polynomials. 
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Cluster algebras were introduced by Fomin and Zelevinsky [FZl] in anticipation that cluster monomials 
would be contained in Lusztig's dual canonical basis for quantized coordinate rings of algebraic groups. Thus 
a serious attempt was made to describe the cluster monomials. In |FZ2j . they establish a simple bijection 
between the cluster variables and almost positive roots in an associated root system, thus proving the well 
known A — G finite-type classification for cluster algebras. 

It has been recognized [G] . [K] . plil) that the indecomposable representations of an associated (valued) 
quiver Q were also in bijection with a certain root datum, namely the (strictly) positive roots. To properly 
explain these bijections and fully understand the role of the negative simple roots, the authors of IBMRRT] 
introduce the cluster category Cq in which the indecomposable representations are exactly in bijection with 
the almost positive roots. Moreover, they observe that there is a bijection between the cluster-tilting objects 
of Cq and the clusters of the cluster algebra A{Q). 

Extending this, Caldero and Chapoton [CCj introduce cluster characters describing the initial cluster 
expansion of all cluster variables/monomials explicitly as generating functions of Euler characteristics of 
Grassmannians of submodules in the corresponding quiver representations. Following the BMRRT approach, 
they show in finite types that the mutation operation for cluster-tilting objects coincides with the seed- 
mutation of Fomin and Zelevinsky, thus establishing a relationship between rigid objects of the cluster 
category and cluster monomials. Then in [CK] Caldero and Keller generalize these results to give cluster 
characters categorifying all cluster algebras with acyclic, skew-symmetric exchange matrix. 



Key words and phrases, quantum cluster algebra, valued quiver Grassmannian. 

1 



2 



D. RUPEL 



In both [CC| and |CK) the authors recognize a similarity between multiplication in the cluster algebra 
and the multiplication in the dual Hall algebra. Building on these observations, Hubery in his preprint [Hlj 
works toward extending the above results to the acyclic skew-symmetrizable case, replacing the category 
of representations of an acyclic quiver Q with the hereditary category of finite dimensional modules over a 
species. However, his approach follows a specialization argument requiring the existence of Hall polynomials, 
which is still an open conjecture. Nevertheless the computations of [HI) are valid and play a vital role in 
the proof of our main theorem. As a corollary to our main result we obtain the existence of counting 
polynomials for rigid quiver Grassmannians. Hubery's specialization argument only requires that certain 
sums of Hall numbers, namely the number of points in the quiver Grassmannian, are given by polynomials. 
Thus Corollarv 11.21 resolves Hubery's specialization argument. 

In |Rul] . we define a quantum cluster character for the category repp((5,d) of representations of the 
valued quiver (Q, d) over the finite field F. This character assigns to a valued representation V oi Q the 
element Xy in the quantum torus 7ajf|i given by 

(1.1) Xv^Y. |F|-^<^'^/^>x-[^r--[WiJ] 

E(ZV 

where A is compatible with (Q, d), Ta,\v\ is the quantum torus defined in sectional (•, •) denotes the Ringel- 
Euler form of the category rep][r((5, d), and * denotes certain left and right duals with respect to the Ringel- 
Euler form, see section [3] For a valued representation F of Q we will denote its class in the Grothendieck 
group JC{Q,A) by the corresponding bold face lower case letter v. Clearly, formula (jl.ip is equivalent to 

Xv^ H |F|-5(e,v-e)|(^^y|^-e-~-(v-e) 

where Gr^ is the Grassmannian of subrepresentations in V of type e. 

Here we present the first main result of the paper which was conjectured in [Rulj . 

Theorem 1.1. [RuH Conjecture 1.10] The quantum duster character V i— > Xy defines a bijection from 
exceptional valued ¥ -representations V of Q to non-initial quantum cluster variables of the quantum cluster 
algebra A\f\{B, A). 

The quantum cluster character was previously known [Rulj to give cluster variables for all finite type 
valued quivers, for rank 2 valued quivers, and for those representations of acyclic valued quivers which can 
be obtained from simple representations by a sequence of reflection functors. Qin [Q proved this conjecture 
for acyclic equally valued quivers (i.e. di — I for all i). 

Note that there is a unique isomorphism class for each exceptional valued representation and thus the 
isomorphism classes of rigid objects in the Grothendieck group IC{Q,d) are independent of the choice of 
ground field F. Theorem 11.11 together with the quantum Laurent phenomenon from |BZ] imply the following 
result. 

Corollary 1.2. Let V be a rigid valued representation of Q. Then for any e e ]C{Q,d) the Grassmannian 
Gr^ has a counting polynomial, which we denote by P^{q). 

For equally valued quivers Qin [Q] shows that these counting polynomials have nonnegative integer coef- 
ficients. In a recent preprint |E], Efimov shows that in addition the counting polynomials are unimodular, 
i.e. they are a shifted sum of bar-invariant q-numbers. We conjecture that these properties always hold. 

Conjecture 1.3. For any e and rigid V the polynomial P^{q) G ^[q] is unimodular and has nonnegative 
integer coefficients. 

Formula (jl.ip makes sense for any category C that has finitely many simple objects and any object V of 
C which has finitely many subobjects. Therefore we hope that by choosing an appropriate category, e.g. a 
cluster category or representations of a valued quiver with potential, this formula will give all quantum cluster 
variables and monomials. In this case, the same machinery would imply polynomiality of the cardinality of 
Grassmannians in the category C. 

While this manuscript was in its final stages of preparation Ding and Sheng (DSJ proved multiplication 
theorems for quantum cluster characters extending those of [DX^. In this work Ding and Sheng deduce 
results about bases of quantum cluster algebras of finite type or rank 2. We are curious what can be said 
about bases in more general acyclic quantum cluster algebras. 
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The paper is organized as follows. Section |3] contains definitions and results related to valued quivers 
and section |4] recalls the definition of quantum cluster algebras. Sections 13. 1[ 13.21 and |6] recall Hubery's 
results on mutations of local tilting representations and associated exchange matrices. In section 15. 1[ we 
prove multiplication formulas similar to those from |CK) . |H1) . [Q] , and |DX) . The associated commutation 
matrix is computed in section 15.21 

1.1. Notation. We always use bold face letters to denote an n-tuple of integers. Also if a valued repre- 
sentation has been named, we will use the corresponding boldface lowercase letter to denote it's dimension 
vector, e.g. the dimension vector of is v = {vi, . . . , ?;„). 

2. Acknowledgements 

The author would like to thank his PhD advisor Arkady Berenstein for encouraging him to write this 
paper. A portion of this article was written while the author was a guest at the Banff International Research 
Station, he would like to offer his sincerest gratitude to BIRS for the invitation to work in such a beautiful 
setting. The author would also like to thank Hugh Thomas and Ralf SchifHer for stimulating discussions 
related to cluster categories. 

3. Valued Quiver Representations 

Let F be a finite field and write F for an algebraic closure of F. For each positive integer k denote by 
Ffc the degree k extension of F in F. Note that the largest subfield of F contained in both Ffc and F^ is 
^gcd{k,i) = IF/c n F^. If k\£ we will fix a basis of F^ over F^ and thus we may freely identify F^ as a vector 
space over F^. 

Fix an integer n and let Q = {Qo, Qi, s, t} be a quiver with vertices Qq — {1,2,..., n} and arrows Qi, 
where we denote by s(a) and t{a) the source and target of an arrow 

s{a) — - — > t{a) . 

Let d : Qo ^ Z>o be a collection of valuations associated to the vertices of Q, where we denote the image 
of a vertex i by dt. We will call the pair {Q, d) a "valued quiver". Since the valuations will be fixed for all 
time we will sometimes drop the d from our notation. 

Define a representation V = ({l^ligg^ '{'^'aloGQi) (d^), or a "(d-)valued representation" of Q, by 
assigning an F^^ -vector space Vi to each vertex i € Qq and an Fgc(i((is(„).dt(„))-liiiear map 

■ Vs(a) > Vfia) 

to each arrow a G Qi. Let W — ({W^iligQo ' i^aJ'aeQi) denote another valued representation of Q and define 
a morphism 

: V > W 

to be a collection 9 = {6i G Homp^. {Vi, Wi)}igQo such that Oti^a) ° fa — '4'a ° 0s(a)^ i-G- the following diagram 
commutes, for all a G Qi: 

V{a) > Vt{a) 

W,(^a) Wt(a) ■ 

Thus we have a category Rep|.((5,d) of all finite dimensional valued representations of Q. For valued 
representations V and W we define their direct sum via 

V®W = i{V® VK,},,Q^ , © M^^qJ. 

Then one easily checks that Repjr((5, d) is an Abelian category where kernels and cokernels are taken vertex- 
wise. 

For each i G Qq denote by Si the simple valued representation associated to vertex i, i.e. we assign the 
vector space F^^ to vertex i and the zero vector space to every other vertex. We will write JC{Q) for the 
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Grothendieck group of Rep]f(Q,d), that is IC{Q) is the free Abehan group generated by the isomorphism 
classes [V] for V G Repj-((3,d) subject to the relations [V] = [U] + [W] whenever there is a short exact 
sequence 

> U > V > W > 0. 

From now on we assume that the quiver Q is acyclic, that is Q contains no non-trivial paths which begin 
and end at the same vertex. Let ai e IC{Q) denote the class of simple valued representation Si. Every 
representation V S Repjr((3,d) has a finite filtration with simple quotients, so we may write [V] as a linear 
combination of the a^. Thus we may identify [V] with the "dimension vector" oiV: v = (dimpj. ^ ^"j 

where we adopt the convention that for any named representation we will use the same bold face letter to 
denote its dimension vector. In particular, taking the ai as a basis we may identify 1C{Q) with the free 
Abelian group Z". 

Now we introduce some terminology that will be useful for describing valued representations. A valued 
representation V is called "indecomposable" iiV — U®W implies U — Q oiW = Q. The category Repjr((5, d) 
is Krull-Schmidt, that is every representation can be written uniquely as a direct sum of indecomposable 
representations. A representation V will be called "basic" if each indecomposable summand of V appears with 
multiplicity one. We will call V "rigid" if Ext(y, V) —Q. liV is both rigid and indecomposable then we will 
say V is "exceptional" . Our main concern will be with basic rigid representations. In particular, we are most 
interested in basic rigid representations V satisfying the following locality condition: the number of vertices 
in the "support" of F, supp(y) = {i G QolF 7^ 0}, is equal to the number of indecomposable summands of 
V . These representations will be called "local tilting representations" . A representation V is called "sincere" 
if supp(F) — Qq. a sincere local tilting representation will simply be called a "tilting representation". 
We justify this terminology in Section 13.11 Note that we may identify an insincere representation V with 
a sincere representation of the full subquiver of Q with vertices Qq = supp(F). Then a local tilting 
representation V may be considered as a tilting representation for , this explains the adjective local. 

Just as with ordinary quivers it is useful to consider an equivalent category of modules over the path 
algebra. The analog of the path algebra for valued quivers is the notion of an F-species. To describe this 
correspondence we will need to introduce some notation. For Qq denote by Uij the number of arrows 

connecting vertices i and j and note that these arrows are either all of the form i j or all of the form 
j —7- i. Define a matrix Bq = i?(Q,d) = {hj) by 

{nijdj/gcd{di,dj) if i ^ j e Qi; 
-nijdj/gcd{di,dj) if j ^ i e Qi; 
otherwise. 

Let dij — gcd{di, dj) and d*-' = lcm{di,dj). Notice that since didj/dij = d^^ we have dibij = riijd^^ = —djbji 
whenever i ^ j ^ Qi. Thus we see that DBq is skew-symmetric where D = diag{di), in other words Bq is 
"skew-symmetrizable" . Note that we may recover Q from the matrix Bq as the quiver with gcd{\bij\^ l^jil) 
arrows from i to j whenever bij > 0. 

Now we are ready to define an F-species Tq whose modules are the same as valued representations of Q. 
Define To = nr=i '^''i ^^'^ ^1 ~ ®bij>o^ii where := ^ dibij- We define an F^. — F^^ -bimodule structure 
on Fy by setting F^- = F'''^ (8)f F^.j = 0^=1^513, where = gcd{\bij\,\b,ji\) = dij. Notice that F^.j 

contains both F^^ and F,;- and thus we have such a bimodule structure. Thus we may consider Fi as a 
bimodule over the semisimple algebra Fg and form the tensor algebra Fg = rro(Fi) of Fi over Fg. 

A module X over Fg is given by an Fd^ -vector space Xi for each vertex i and an F^^ -linear map O^j : 
Xi (8>F<i. ^ij ^ whenever bij > 0, see jH2| for more details. A morphism of Fg-modules / : AT — > F is a 
collection {fi}i£Q„, with fi : Xi Yi an F^^-hnear map, such that 6'^(/i ® id) = fjO^j. 

Proposition 3.1. [Rulj The categories ^eY>'^{Q, A) and Mod Fg are equivalent. 

Thus we may apply all results concerning F-species to valued representations. 

It follows from Proposition 13.11 that Rep]f((3,d) is "hereditary", that is for all V,W ^ Repf{Q,d) we 
have Ext*(y,VF) = for every i > 2. For valued representations V, VF G Repf((5,d) we define {V,W) = 
dimr Hom(y, PF) — dimp Ext^(y, PF). Using the long exact sequence on Ext coming from a short exact 
sequence of representations, it is easy to see that {V, W) only depends on the classes of V and W in IC{Q). 
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Thus we obtam a biUnear form (•, •) : IC{Q) x IC{Q) Z known as the "Ringel-Euler form". Note that by 
the biUnearity of the Ringel-Euler form, it suffices to compute it on the basis of IC{Q): 



(3.1) {ai,aj) 



-[dibij]+ ifJT^j, 



where we write [&]+ = max(0, b). 

We will write = -j-cti and remark that the skew-symmetrizability of Bq implies (a^, aj) and (a^, aj) 
are integers for all i and j. Then for e G )C{Q) define *e, e* G )C{Q) by 

n n 
i=l i=l 

We define two matrices Bq = (6~ ) and Bq — (6^) as follows: 

Kj = (a^'^aj) 



1 ifj=j; 



1 ifj=j; 



It is clear from the definitions that viewing e as an element of Z" we have 
(3.2) *e = BqG and e* = B+e. 

Also note from equation (j3.1l) and the skew-symmetrizability of Bq that we have 

5q - D{BqYD-' and B+^Bq= Bq. 

Suppose there exists an n x n skew-symmetrizable matrix A — (Xij) such that BqA = D and write 
A(-,-) : Z" X Z" — >■ Z for the associated skew-symmetric bilinear form. As in Zelevinsky's Oberwolfach 
talk on quantum cluster algebras [Z], we may always replace the quiver Q hy Q, where we attach principal 
frozen vertices to the valued quiver Q, to guarantee that such a matrix A exists. Note that the compatibility 
condition for Bq and A implies A(b*, aj) — diSij where denotes the i*'* column of Bq. 

For a valued representation V define the "socle" soc V to be the sum of all simple subrepresentations of 
V and the "radical" radF to be the intersection of all maximal subrepresentations of V. We record the 
following identities for use in Section [SJ 

Lemma 3.2. 

(1) For any c e IC{Q), A{h^,*c) ^ {ai,c) and A(c*, b-') = -(c, a^). 

(2) For any b, c G /C(Q), A(b* - *b,c* - *c) = (c,b) - (b,c). 

(3) For any h,c,w,w G IC{Q). A(-b* - *(v - b), -c* - *(w - c)) = A(*v, *w) - (c, v - b) (b, v^r - c) . 

(4) For any injective valued representation I, [soc/] = *i, where i = [/] G IC{Q). 

(5) For any projective valued representation P, [P/radP] = p*, where p = [P] <E IC{Q). 

Proof. The identities in ([T]) are a direct consequence of the compatibility of Bq and A. The identity in ([2]) 
follows immediately from p.2p and ([T]). The identity in ([3|) can easily be obtained from ([T]) and ([2|). There 
is a unique injective hull and projective cover for each simple representation, the identities in (j4]) and ([5]) 
follow. □ 



Now we recall useful functors acting on ModFg. By the equivalence of categories in ProDOsition l3 . 1 1 these 
functors can be transported to the category RepF((5, d). 

Let D : ModFg ModFgop denote the standard F-linear duality, that is D — HomF(— ,F), where 
Q°P denotes the quiver obtained from Q by reversing all arrows. We define the "Nakayama functor" i/ : 
ModFg —i' ModFg to be the composition _D Homrg (— , Fg). It is well-known that this functor defines an 
equivalence of categories from the full subcategory of ModFg consisting of projective objects to the full 
subcategory consisting of injective objects. 

Our goal is to define the Auslander-Reiten translation. Let V he a module over Fg and consider the 
minimal projective resolution 
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> Pi > Po > V > . 

The "Auslander-Reiten translation" t = DTx : Mod Tq Mod Tq is defined on a representation V via the 
foUowing induced diagram: 

> Hom(Po,rQ) > Hom(Pi,rQ) > Tr(y) > 0. 

The Auslander-Reiten translation defines an equivalence between the full subcategories Modp Tq and Mod/ Tq 
consisting of objects with no projective summands and no injective summands respectively. The following 
"Auslander-Reiten formulas" will be essential in the computations to follow. 

Proposition 3.3. For any representations V, W , there exist isomorphisms: 

(3.3) Dnoin{V,TW) = Ext^(VK,F), 

D Ext^ (y, rVF) Hom(Ty, V) . 

In particular, we have (v,tw) = — (w,v). 

3.1. Tilting Theory for Mod Tq. The main result of this article uses the classical theory of tilting modules 
over an F-species. We will present those results necessary to define a mutation operation for local tilting 
representations. Our main result will show that this mutation operation corresponds with the Berenstein- 
Zelevinsky mutations of quantum seeds that we will present in Section |3) We freely abuse the equivalence 
from Proposition 13 . 1 1 to go between representations of {Q, d) and modules over Tq. 

We begin with the definition of a tilting module for Tq . For a representation T we write add{T) for the full 
additive subcategory of Repjr((3,d) generated by the indecomposable summands of T. Then a Fg-module 
T is called "tilting" if there is a coresolution of Tq of the form 

> Tq > To > Ti > 

with To, Ti G add{T). In order to define mutation of local tilting representations we need to recall two well 
known results from the representation theory of Tq . 

Theorem 3.4 (Happel-Ringcl) . 

(1) If V and W are indecomposable modules with Ext^(y,M^) = 0, then any nonzero map W ^ V is 
either a monomorphism or an epimorphism. 

(2) The dimension vectors of the indecomposable summands of a basic rigid module are linearly inde- 
pendent in the Grothendieck group of Tq . 

(3) A basic rigid module T is a tilting module if and only if T contains n indecomposable summands. 

Note that Theorem 13.41 3 implies each local tilting representation T of Q is a tilting representation for 
the full subquiver of Q where Qq = supp(T). We will consider the zero representation as a tilting 
representation for the empty subquiver. A basic rigid representation is called an "almost complete tilting 
representation" if it contains n — 1 indecomposable summands. The following theorem describes the possible 
ways to complete an almost complete tilting representation to a tilting representation. 

Theorem 3.5 (Happel-Unger). Let T be an almost complete tilting module. 

(1) If T is sincere, then there exist exactly two non- isomorphic complements to T, otherwise there is a 
unique complement. 

(2) Suppose T is sincere and write V and W for the complements to T. Suppose Ext^(y. VF) ^ 0, 

then there is a unique non-split sequence > W > E > V > . Furthermore 

E e add{T) and dim^ End{V) = dimp End(VF) = dim^ Ext\V, W). 

Let T be a local tilting representation of {Q,d). We will use Theorem 13.51 to define a mutation operation 
on T which will produce another local tilting representation. This construction first appeared in HI . We 
will only consider those local tilting representations T which may be obtained by iterated mutations starting 
from the zero representation. Thus there will be a canonical labeling of the summands of T by the vertices 
in its support and for i e supp(T) we have End(Ti) = End(S'i) = F^^ by Theorem 13.51 2. 
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Definition 3.6. Given a local tilting representation T and a vertex k S Qo we define the mutation Hk{T) 
in direction k as follows: 

(1) If k ^ suppT, then by Theorem ] 3. 51 1 there exists a unique complement Tjf so that fikiT) =T^ (BT 
is a local tilting representation containing k in its support. 

(2) If k £ suppT, then write T = T/Tk- 

(a) If T is a local tilting representation, i.e. k ^ suppT, let t>-k{T) = T. 

(b) Otherwise supp T — supp T and by Theorem \3.5\ there exists a unique compliment ^ Tk so 
that fik (T) = T^ ® T is a local tilting representation. 

Notice that the definitions imply the mutation of local tilting representations is involutive. 

Remark 3.7. It follows from results of [BMRRT] that the mutation operation is transitive on the set of 
local tilting representations. 

3.2. Matrices Associated to Local Tilting Representations. Here we define the matrix Bt associated 
to a local tilting representation T . We will show in Section |6] that the matrix Bt is skew-symmetrizable 
and that the mutation of local tilting representations induces the Fomin-Zelevinsky mutations of exchange 
matrices, see sectional This construction was originally given in [Hlj . 

We will require a little preparation before we can define the matrix Bt- For a valued representation 
V , we will call a morphism V ^ E (resp. E ^ V) & "left a(ic?(T)-approximation" (resp. "right add{T)- 
approximation" ) of y if 

• E £ add{f ) and 

• the induced map Hom(i?, X) — Hom(V, X) (resp. Hom(X, £') — > Hom(X, V)) is surjective for any 
X G add{f). 

In other words, V ^ E (resp. — ?> F) is a left (resp. right) a(id(T)-approximation of V if every map to 
(resp. from) an object of add{T) factors through V E (resp. E ^ V). A morphism (f) : V ^ E (resp. 
Lp : E V) is called "left minimal" (resp. "right minimal") if any endomorphism ^ oi E satisfying ipocj) = (p 
(resp. (/3 o = (p) is an isomorphism. 

For each vertex k oiQ our goal will be to define the entries bik of the fc*'' column of Bt. First suppose k is in 
the support of T and, using the notation from the mutation of local tilting representations, suppose supp(T) = 
supp(r). Write T^ for the other compliment of T described by the mutation. Following Theorem 13.51 2 we 
assume that there is a unique non-split sequence 

> T* > E > Tk > . 

(3.4) ^ 

Proposition 3.8. 'HI' Lemma 21] The map T^ E is a minimal left add{T)- approximation ofT^ and the 
map E — ?> Tk is a minimal right add(T)- approximation ofTk- 

Proof. By ThcoremE^l E E add{f). Let X G add{T) and note that Ext^(Tfe, A) = since T is rigid. Thus 
applying Hom(— , A) to the sequence p.4p gives the exact sequence 

Hom(£;, A) > Hom(r^r, A) > , 

and from the surjectivity of this map E is a, left a(i(i(T)-approximation of T^. The approximation T^ E 
factors through any other approximation T^ ^ F and since T^ ^ E was injective we see that TJ: F must 
also be injective. Define G by the short exact sequence: 

> T* > F > G > . 

(3.5) ^ 

Since F G add{T) and T is rigid, applying Hom(T', — ) to the sequence (|3.5I) gives Ext^ (T,G) = 0. bmce 
Tj^ ^ F is a left ac?d(T')-approximation, the map Hom(i^, T) Ilom{Tj^,T) is surjective and applying 
Hom(-,T') to ((331) shows that Ext^(G,r) = 0._Then applying Hom(G, -) to ([33]) implies G and hence 
T(BG are rigid. So we must either have G G add{T ®Tk) or G G add{T ®T^) , but is a non-trivial extension 
in Ext^(G,rjI') and thus G G add{T). Moreover G must contain Tk as a summand. But E is the unique 
extension in Ext^(Tfc, Tjf) and so the sequence (13.41) is a summand of the sequence p.5p . To see minimality 
of E, suppose we have an endomorphism ijj oi E making the diagram 
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E 

E 

commute. Then the image of ip is again an a(i(i(T)-approximation and from the discussion above we see that 
E must be a summand, in other words -0 is an isomorphism and E is minimaL The proof for E ^ is 
similar. □ 



Using the Auslander-Reiten formulas of Proposition 13.31 the unique extension E from equation 13.41 gives 
rise to a unique morphism 6 G Hom(Tj!', rTfc). From 9 we get a short exact sequence 

, , > D > T* TTk > tA®I > 

(3.6) * 

where D = ker6', tA®! — cokerS, / is injective, and A and Tk have the same maximal projective summand 
Pa = Pt^ ■ As in the proof of Lemma 15.41 the sequence (|3.6I) is equivalent to the following short exact 
sequences 



(3.7) 
(3.8) 



> D > T* > C > , 



B >Tk 



> C > tB > / > , 

(3.9) 

where B contains no projective summands. The following Proposition will allow us to complete the definition 
of the /c"' column of Bt in the case under consideration and shows that we are in a position to apply 
Theorem 15.51 



Proposition 3.9. JHl' Proposition 22] 

(1) The map Tk A is a minimal left add{T) -approximation ofTk- 

(2) The map D T^ is a minimal right add{T) -approximation ofT^. 

(3) The objects B and C are indecomposable. 

(4) The objects soc/ and T have disjoint supports and Hom(^,/) = Honi(_D,/) = 0. 
Moreover, we have End(B) ^ End(C) = End(rfe) ^ End{T*). 

Proof. Any automorphism ^ of the image C oi 9 gives rise to another element 'ip9 in }lom{T^ , tT^.) . The 
uniqueness of 9 implies C must be indecomposable. Applying the functors Hom(r, — ) and Hom(— ,r) to 
the sequence (|3.7p we see that Ext^(T', C) ~ Ext"'^(Z3, T) = and we get an exact sequence 

> Hom(T, D) > Hom(T, T*) > Hom(T, C) > Ext^(r, D) > . 

Applying the same functors to the sequence (|3.8|) gives Ext^(r, A) = Ext^(B,T) = and an exact sequence 
> Hom(.4,T) > Hom(Tfe,T) > Hom(B,T) > Ext^(A,f') > 0. 

From the Auslander-Reiten formula we see that Hom(r,TB) = Ext^(B,r) = 0. Then applying Hom(T, -) 
to the sequence (|3.9I) implies Hom(f , C) = Hom(T', /) = and again using the Auslander-Reiten formula we 
get Hom(B, T) = Ext^T, tB) = Ext\f, C) = 0. Thus from the Hom-sequences above we get Ext^(r, D) = 
Ext\A,f) = 0. 

Applying Hom(-,L») to the sequences (15^ . where E e add{T), and ((XT)) shows that EyA^{T^,D) = 
and thus Ext^(D,D) = 0. A gain using sequence dSll) and that Ext^ (T,C) = we see Ext^(rfc*,c) = 0. 
Then applying Hom(— ,C) to (|3.7|) shows Ext^ (_D,C) = and finally applying Hom(Z?, — ) to (|3.7|) gives 
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Ext^(Z), Tjf) = 0. Thus we see that D cannot contain Tk as a summand and since (I3.7P is non-spht D cannot 
contain as a summand. We conclude that D S add(T). A similar computation shows that A G add(T). 

Since Hom(i3, T) — Hom(T', C) = 0, the Horn-sequences above imply that Tk — > A is a left add{T)- 
approximation and D ^ is a right a(i(i(r)-approximation. As in the proof of Proposition 13.81 the 
injectivity oi D ^ and the surjectivity of — > A imply they are minimal. 

Now since D e add{T) we have Hom(Z?, C) — and applying Hom(— ,C) to p.7p gives Hom(C, C) = 
Hom(Tj!',C). Since is indecomposable it cannot be the middle term of a split sequence. But Ext^(Z), Tj!) = 
and so by Theorem l3.4l anv nonzero map from to a summand of D must be surjective. So we must have 
Honi(T*,D) = and applying Hom(T*,-) again to the sequence ^Ji) gives Hom(T*,C) = Hom(T*,T^*). 
Similarly one can show that Hom(i3, A) — implying Hom(_B,_B) = Hom(i?,Tfe) and that Hom(j4,Tfe) — 
so that Hom(B,Tfc) = Rom{Tk,Tk). Then Theorem [33] implies End(C) ^ End(T*) ^ End(rfc) ^ End(B). 

Again we note that Ext ^(T^*,C) = so that (|3J]) implies Ext^ (T^.tB) = 0. Then using the Auslander- 
Reiten formula and jSH) we see that }lom{T^,TB) = Ext^{B,T^) = Ext^TfejTjT), which according to 
Theorem El] is equal to llom{T^, T^) = Hom(Tjr, C). Thus 

(Tfc*, /) = (T;, rS) - (T^r, C) = dimF Hom(rjr, tB) - dim^ Hom(Tjr, C) = 0. 

Now (— ,/) is zero on add{T^ (ST), but by Theorem 13.41 the dimension vectors of the indecomposable 
summands oi ®T form a basis of the Grotliendieck group IC{Qt)- Thus, since the Ringel-Euler form is 
non-degenerate, the support of sod cannot intersect supp(T). 

Finally, since A,De add{f) and Hom(f', /) = we see that Hom(A, /) = Hom(_D, /) = and thus the 
hypotheses of Theorem 15.51 are satisfied. □ 

Following Theorem l3.4l we know that the following subset of /C(Q) forms a basis: { [T^] }igsupp tU{ [Pi] ji^supp ' 
We will consider the fc*'' column b''' of Bt as an element of 1C{Q) via b*"' = ^ &ifc[7i] + X) ^ik[Pi\- 

iesuppT i^suppT 

Then for k G supp(r) — supp(T) we may define the k^^ column of Bt via 

b*^ = [A] + [D] + *^ [I] - [E] 

where we write e*^ = (e,aJ)[-Pj] and = ("J>e}[Pj] for e e IC{Q). The fc*'* column of 

j^suppT j^suppT 

Brp,Qf is by definition — b*"'. 

We prove the following consistency result which will be necessary to identify Bt as an exchange matrix. 

Lemma 3.10. In the above basis, the elements [A] + [D] and [E] of IC{Q) have disjoint supports. 

Proof. We will show that the coefficients of [Ti] in [A] and [E] cannot be simultaneously positive, the same 
argument will give the result for [D] and [E]. We argue for contradiction. Suppose [Ti] appears in both 
[A] and [E] with positive coefficient. Then we have nonzero maps ^ : Ti ^ Tk and C '■ Ti. Since 

Ext^(Ti,Tfe) = Ext^{Tk,Ti) = 0, Theorem [3l] implies each of these maps is either a monomorphism or an 
epimorphism. Notice that this implies one of the compositions 7 o ^ or C o 7 is nonzero. Since End(ri) = F^^ 
and End(r/j) = F^^, this implies the nonzero composition is an isomorphism. But then both maps are 
injective and surjective, i.e. Ti = Tk, a contradiction. □ 

Now consider the situation where T is a local tilting representation with k ^ supp(T). Write T^ for the 
unique complement of T. Let Ik denote the injective hull of the simple Sk and write Pk = ^^^{Ik) for the 
corresponding projective representation. 

Lemma 3.11. [Hll Proposition 26] There exists a unique nonzero morphism Pk — ?> T^ and a unique mor- 
phism Tjf Ik. 

Proof. Let Pk denote the projective representation of Qt^^^^t associated to vertex k. Note that there exists 
a unique morphism Pk Pk and since T^ has support on Qt^qt^ any morphism Pk — )■ T^ factors through 
a morphism Pk T^. Now recall that k ^ supp(T') and thus Hom(Pfc, T) = 0. Since Tjl' ® f is a local tilting 
representation we have a coresolution 

> Pk > iT*y > F > , 
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where s > 1 and F £ add{T). Since Hom(Pfe,Pfe) is a field, applying the functor Hom(Pfe,— ) to this 
coresolution shows s = 1 and Honi(Pfe,Pfc) = Honi(Pfe,T^), in particular there is a unique (up to scalar) 
nonzero morphism P^ — > T^f. Composing with the unique morphisni P^ — > P^ completes the claim. The 
analogous claim for is dual. □ 

Lemma 3.12. |HH Proposition 26] The endomorphism rings End(Pfc), End(Pfc), F;nd{T^), End(/fe), and 
End(/fe) are all isomorphic. 

Proof. Since C 6 add{T) wc know Ext^(T^, F) — and according to Theorem 13.41 any nonzero map from an 
indecomposable summand of F to is injective. But Tj* is indecomposable and so all such maps must be 
zero, in particular Hom(P, T^) = 0. Thus applying Hom(— ,rjl') to the sequence 

> Pk > > F > 

gives Hom(Pfe, Pfc) = Hom(Pfc, T*) = Hom(T;, T,*). 

Since Pk and Pk are both projective covers of the simple Sk, albeit as modules over different algebras, 
they have isomorphic endomorphism rings, i.e. End(Pfe) = End(S'fc) = End(Pfc). The same argument holds 
for Ik and Ik regarding them both as injective envelopes of 5'fc. □ 

As in the proof of Lemma 13.111 write F for the cokernel of the unique map Pk — > and let P' denote 
the kernel. Similarly write G for the kernel of the unique morphism — Ik and let /' be the cokernel. 

Proposition 3.13. jHH Proposition 26] The map ^ F is a minimal left add{T)- approximation ofT^ and 
G ^ T^ is a minimal right add{T)- approximation ofT^. Moreover, we have Hom(P',P) = Hom(G', J') — 
and the supports of sod' and P' / radP' are disjoint. 

Proof. Since k ^ supp(T), we have Hom(Pfc,T) = Hom{T,Ik) = 0. Then applying Hom(— and 
Hom(T, — ) respectively to the defining exact sequences of — ?• P and G — >■ we see that ^ F 
is a left ad(i(T')-approximation and G — >■ T^f is a right aci(i('f')-approximation. As in the proof of Proposi- 
tion [XH these are minimal since T^ ^ F \s surjective and G ^ is injective. 

Since Pk = Pk/P' and /' = Ik /Ik, neither P' nor /' contains vertex k in its support. Recall that Pk can 
be described in terms of paths beginning at vertex k and Ik can be described in terms of paths ending at 
vertex k. Thus Q being acyclic implies [P'/radP'] and [soc/'] have disjoint support. 

Now since k ^ supp(T) we have Hom(Pfc,T') = Hom(P',r) = Hom(P',P) = and Hom(r,/fc) = 
Hom(T, /') Hom(D, /') = 0. Thus the hypotheses of Theorem EIH] are satisfied. □ 

As above we will consider the fc*'' column b''' of Bt as an element of JC{Q). Now when T is a local tilting 
representation with k ^ supp(T') we may define the k*^ column of Bt via 

b'^' = [P] + [P']*^ - [G] - *^[I']. 

By definition the fc*'* column of Bf is — b''". Using a similar argument as in the proof of Lemma [3. 101 we get 
the following consistency result. 

Lemma 3.14. Written in the basis {[Ti]} i^supp t ^ {[Pi]} i^suppT, the elements [F] and [G] of JC{Q) have 
disjoint supports. 

This completes the definition of the matrix Bt associated to a local tilting representation T. We will 
further investigate these matrices and their relationship to the mutation of local tilting representations in 
Section [6] after we have presented the theory of quantum cluster algebras. 

4. Quantum Cluster Algebras 

In this section we will define quantum cluster algebras and recall some important structure theorems 
which motivate the main results of this article. 

We begin defining the quantum cluster algebra associated to an m x n (to > n) matrix B with a skew- 
symmetrizable principal n x n submatrix B, i.e. there exists a diagonal matrix D such that DB is skew- 
symmetric. An m X m skew-symmetric matrix A is compatible with B if 

P*A = { D ) . 
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Let q be an indeterminate. The initial cluster X = {Xi, . . . ,Xm} of our quantum cluster algebra will 
form a generating set for an m-dimensional quantum torus 

Ta.., = Z[q^-^]{Xt\ . . . : Xa, = (Z^-XjX,). 

Note that 7a. g is an Ore-domain and so it makes sense to consider its skew-field of fractions J-. The quantum 
cluster algebra will be a subalgebra of T. 
For a = (ai, . . . , am) S we will write 

X'^ = q ' ■<^- • • • X^" . 

Note that X'^ is invariant under the unique anti- involution of 7a, q, called bar- involution, which fixes each 
Xi and sends q to q^^. Denoting by A(-, •) : Z™ x — Z the skew-symmetric bilinear form associated to 
A we have 

We define a twisted multiplication * : 7a, g x 7a, g ~> 7a, g by the rule 

X^'^X'"^ X''+'°. 

m 

Let ei, . . . , Cm be the standard basis vectors of Z™ and write a = ^ UiCi e Z". For 1 < fc < n we will 
write b*^ ~ ^ ^ifeCi and b*! = ^ —bikCi for the positive and negative entries of the fc*'' column of i3, 

i-bik>Q i:bik<0 

that is if we think of the A:*'' column b'^ of i? as an element of Z™, then b*"' = b*^ — b*!. 

The collection E — (X, B) is called a quantum seed. The Berenstein-Zelevinsky mutation /i^ of the seed 
(X, B) in direction k is given by (^fcX, /ifcS) where /x^X — {Xi, . . . , X^, . . . , X^} U {A'(.} for 

^kB is the Fomin-Zelevinsky jFZ2] mutation of exchange matrices given by /i^i? — (6^^ ) where 

—bij if i = fc or J = k] 



(4.1) fe^, = 



fey + [bik]+bk] + bik[-bkj]+ otherwise; 



where [6]+ = 'max{0, b), and /^^A records the quasi-commutation of the cluster /x^X, see |BZ) for more details 
on mutations of compatible pairs. We may also describe the mutation of B in direction k via fikB = EBF 
with m X m matrix E = (eij) and n x n matrix F = (fij) given by 

-1 iii=j = k; f^J^l-l if^=J = fc; 

[-b^k]+ \ii^i = k] y[bkj]+ iii = k^j. 

Then we may compute the commutation matrix /i^A of the cluster /^^X as 
(4.3) fikA = E*AE. 

A result of Fomin and Zelevinsky }FZ4j asserts that the cluster variables of ^g(i3, A) are completely de- 
termined by the cluster variables of the principal coefficients quantum cluster algebra A{Bp,A') where 

Bp — ( ^ ] with / the n x n identity matrix and A' is a compatible commutation matrix. Thus we will 



/ 

always assume we are dealing with an exchange matrix having principal coefficients. 

Definition 4.1. As with classical cluster algebras we may populate the vertices of an n-regular tree T with 
quantum seeds where edges correspond to mutations. The quantum cluster algebra Aq{B,A) is the 1\q^^\- 
subalgebra o] T generated by the cluster variables from all seeds associated to vertices ofT. 

The following Theorem of Berenstein and Zelevinsky |BZ) is the first important structural result concerning 
quantum cluster algebras. 

Theorem 4.2 (Quantum Laurent Phenomenon). The quantum cluster algebra Aq{B,A) is a subalgebra of 

7A,g. 
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This says that although the cluster variables a priori are rational functions, cancellations inevitably occur 
and we actually get Laurent polynomials. A monomial in the cluster variables from a single quantum 
seed is called a quantum cluster monomial. Although the Quantum Laurent Phenomenon guarantees that 
each cluster monomial is an element of 7a. ^ it is a non-trivial task to compute their initial cluster Laurent 
expansions. 

We define a valued quiver Q from a compatible pair (B, A) with principal coefficients as follows. According 
to the construction in Section |31 we may associated a valued quiver (Q, d) to the skew-symmetrizable 
principal n x n submatrix B of B where the valuation di is the i*^ diagonal entry of the matrix D occurring 
in the compatibility condition for (i?, A). Then we attach principal vertices n + i — i for each 1 < i < n 
and set dn+i = di to obtain Q. We will only be considering valued representations of Q which are supported 
on Q and thus we will only refer to the quiver Q in the discussions that follow, however implicitly all 
equations/constructions involving the Grothendieck group fC{Q) or local tilting representations are happening 
inside Rep]f((5, d). The main result of this article is a description of the acyclic initial cluster expansion of 
all cluster monomials of A{B^K) using the representation theory of the valued quiver {Q,d). We present 
the construction in the following section. 

5. The Quantum Cluster Character Xy 

In this section we study the quantum cluster character assigning an element of the quantum torus 7a, g to 
each representation V of {Q,A). We will abbreviate q= |F|. 

Definition 5.1. For V G Repjr(Q,d) define the quantum cluster character Xy in the quantum torus Ta^q 
by 

(5.1) Xv^ q'^^'''"''''^\Gr^\X''''~'^"'~'''> 

eeK{Q) 

where Gr^ — {U C V : [U] — e} is the Grassmannian of all subobjects of V with dimension vector e. 

5.1. Quantum Cluster Character Multiplication Theorems. In this section we prove multiplication 
formulas for products of quantum cluster characters. Our first result is analogous to |HH Theorem 12], [Q] 
Proposition 5.4.1], and jDX| Theorem 3.5]. All of their proofs are modeled on that of |H11 Theorem 12] using 
Hall numbers, we will follow this approach as well. 

Define the "Hall number" F^^ as the number of subobjects U C D with U = C and D/U ^ B. We 
also write e^fj for the size of the "restricted Ext-space" Ext^(i3, C)d C Fixt^{B,C) consisting of those short 
exact sequences with middle term isomorphic to D. Note that F^q and e^^ are finite since B, C, and D 
are finite sets. There are two well-known formulas satisfied by these quantities. The first one verifies the 
associativity of the multiplication in a "Hall algebra" where the Hall numbers are structure constants. 

Lemma 5.2. For any valued representations B , K , L, and V we have the following "associativity" relation 
for Hall numbers: 

A A' 

The second equation, known as "Green's formula" , verifies the compatibility of multiplication and comulti- 
plication of the Hall-Ringel algebra. To state Green's formula we introduce the following useful notation: 

[V,Wf := dimFHom(y,Ty) and [V,WY := dimp Ext^V, M^), for all V,W e Rcpj.(Q,d). 

Lemma 5.3. For any valued representations V , W , X , and Y 

C^co^ Sr^ E pE _ [V.Wf-[A.C]°-[B,D]°-{EL,d)p.V pW X Y 

2^^VW^XY — 2^ 1 ^ AB^CD^AC^BD- 

E A,B.C.D 

Let V and W be representations of (Q, d). From a morphism 9 : W ^ tV we get an exact sequence 



(5.4) 



> D > W > tV > tA®I > 
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where D — ker 6, tA ® I — coker^, / is injective, and A and V have the same maximal projective summand 
Pa — Pv ■ The following notation will be useful in the proof of the theorem: 

Yiom{W,TV)DAi ^{W UtV : J ^ 0,ker/ D.cokerf = tA®I}. 

The following Lemma was given in [Hlj . we reproduce the proof for the convenience of the reader. For a 
valued representation C we write ac for the size of the automorphism group of C . 

Lemma 5.4. [HI J Lemma 15] The size of the restricted Hom-space Yioia(W,TV)oAi can he computed in 
terms of Hall numbers, in particular we have 

I Hom(W^, tV)dai\ - ^ acF^oFleFjS . 

B,C 

where B contains no projective summands. 
Proof. Define 

T^XY = {(s> t) ■ > Y Z X > is exact} 

and write Pxy = \'^xy\- ^^^^ known that the Hall number F^y can be computed as Pxy/'^xciy- 
For any 9 e llom{W,TV)DAi the exact sequence (|5.4p can be split into two short exact sequences: 

> D W > C > 0, 

> C tV — ^ tA®I > 0, 

(5.5) 

such that gc — 9. Thus we get a surjective map Uc^ct) ^ '^t\(bic ~^ ^ou\{W,tV)dai with fiber over 9 
isomorphic to Aut(-D) x Aut(C) x Aut(rA ® /). Since the fibers are all isomorphic for a fixed C we see that 

\mm{W,TV)DAi\ = Y.PcDPrmic/<^rA(,iacaD ^Y.''cFcdF^A(bic- 
c c 

From the surjective map / : tV tA / we get a surjective map ip : tV tA. Note that the kernel of 
this map contains no injective summands since tA cannot have injective summands. Thus we may write 
ker ip = tB for some B containing no projective summands. Since B contains no projective summands, 
Hom(i?, Pv) — and applying the inverse Auslander-Reiten translation t^^ induces a surjective map V ^ A 
with kernel B, where we have used that Py — Pa- Since img — ker /, we must have im g C ker tp, in particular 
g defines an injective map into tB. The discussion thus far can be described by the commutative diagram: 



C 



tB 



tV 



Id 



tV 



tA®I 



rA 



0. 



Notice that tA © / = tV/C and tA = tV/tB so that / — kervri = tB/C — coker 5. From this we see that 
the second sequence in (|5.5p above is equivalent to the following exact sequences: 

> B > V > A > 0, 

> C > tB » / > , 

and so we have 

^TAelC — Z^^AB^IC ■ 

B 

The result follows. □ 
Note that by the Auslander-Reiten formula we have Ext^(F, W) = Hom(W^, tV). 
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Theorem 5.5. Assume V and W are representations of (Q, d) with a unique (up to scalar) nontrivial 
extension E G Ext (V, W), in particular dimEnd(v) Ext (V, W) = 1. Let 9 G Hom(T/F, tV) he the equivalent 
morphism with A, D, I as above. Furthermore assume that Hom(A© I) = = Ext^(A, D). Then we have 
the following multiplication formula: 

(5.6) XvXw = g5A(*v.*w)^^ ^ glA(*v,*w)+i(v,w)-i{a,d)^^^^ ^ ^' i 

When dimExt^(V, VF) > 1, there exist similar muhiphcation formulas with more terms, see [F] and [DSj . 



Proof. Note that we have 



B,C:[C]=e 

and thus we may rewrite the quantum cluster character as 

A,B 

Then using Lemma 13.21 3 the product of the quantum cluster characters Xy and Xw becomes: 

A,B C,D 
= ^ ^y^^H^^-i{b,a)^-i{d,c)^iA(-b---a-d---c)^-(b+d)*--(a+c) 

A,B,C,D 

^^iA(*v.*w) ^ ^y^_pM^^(b.c)^-i(b+d,a+c)jij^-(b+d)*-*(a+c)^ 
A,B,C,D 



Our goal is to show that this equals the right hand side of equation (|5.6p . We accomplish this by cleverly 
rewriting each term on the right. We begin with the following definitions: 



E^V®W 



oi .= 2^ [Ky]" _ 1 9 '-^u®A * X . 

D,AJ 

Since there is a unique nontrivial extension E G Ext^(V, W) and a corresponding unique nonzero morphism 
9 G Hom(VF, tV), we see that both of these sums collapse to a single term. Since dimEnd(v) Ext^(F, W) = 1, 
we have Sy-^^ = \ }iom{W,TV)DAi\ = g'^'^' — 1 and thus the right hand side of equation (j5.6p may be 
written as g2'^( '*^)(T]^ + q2M v, w)+2 {v.w)^.^^ Observe that our computation of XyXw above combined 
with the following Proposition complete the proof. 

Proposition 5.6. We may rewrite ai and a2 as 
[y \B c]-^ 

V g ~'i (b,c) -^(b+d,a+c)py pW ^-(b+d)*--(a+c) 

f^l - „[V,V]o _ 1 ^ ^ ^AB^CD^ 

A,B,C,D ^ 

9!f:!l_Li^y' pTf -i(v,w) (b,c) -i{b+d,a+c)^ 
"2 ^ ri[V,V]" _ 1 ^AB^CDH ^ H ^ 

A,B,C,D ^ 



Proof. We begin with cri. Using Green's formula (j5.3p we get 



V „[KM']''-[A,C]''-[B,D]"-{a,d) -i(b+d,a+c)p\/ X V v^-y*-*x 

/ , y y ab^cd'=^ac^bd^ 

A,B,C,D,X,Y 

V „[V,W]1 (b.c) -i{b+d,a+c)pl/ ^_(b+d)*-*(a+c) 

/ , y y y ab^ cd^ j 



A,B,C,D 
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where the last equahty comes from the identities 

^4^ = |ExtHAC)|=,[^^^l\ 

X 
Y 

But the quantum cluster character gives 

X,Y 



q-i{h+d..+c)^lB^CfpV^pW^X-ib+d)'-'(.+c)_ 



A,B,C,D 

vw 



Since sY^'^ = 1 we may rewrite cti as 



^1 - ol^.^l" - 1 

- 1 

_ V ^ g (b,c) -l(b+d,a+c)pV -^-(b+d)*-*(a+c) 

A,B,C.D ^ 



Now we move to a2- Notice that by the Auslander-Reiten formula we have *rb = — b*. And thus by 
Lemma 15.41 we have 



V |Hom(Ty,ry)z,A7| i^^d) fL,^]"-i(i+y,k+x)j.A pz^ 



A.D.I,K,L.X,Y 



r, J?W TpV prB 

E O'C-t'cD^AB^IC „-^(a,d)„fL,X1»-^(l+y,k+x) jpA pD ;!^-(l+y+b)*-'(k+x+c) 
q[V.VY' _ I 5 ^ ^KL^XY^ 



A.B,C,D,I,K,L,X.Y 



By assumption Ext^(yl, _D) = and thus Ext^(L, = 0. So (72 becomes 

„ T?W T^V ptB 

V ^d'cD^AB^IC -j,(a,d) (l,x)-l(l+y,k+x) pA pD ^-(l+y+b)*--(k+x+c) 

"2 — Q[V.y]° „ 2 ^KL-^Xl'^ 

A.B,C,D,I,K,L,X.Y ^ 

In the case D = W, we have A — V and C = _B = / = 0. Thus removing the condition D ^ W we get 



0-2 = 

■ ■ q 



„ tpW tpV tjtB 

E ^-C^CD^AB^IC „-^(a,d)„(l,x)-:^(l+y.k+x) pD y-(l+y+b)'-*(k+x+c) 

glV.V]" _ I 1 ^ ^KL^XY^ 

A,B,C,D,I,KX,X,Y ^ 

_ V ^ FY. fW^,„-^(v,w) ax)-l(l+y,k+x) Y-a+y)-'--'(k+x) 

Now we aim to remove the exponential dependence on A, B, C , D, I, L, and X so that we may apply the 
associativity of Hall numbers and another simplifying equality. To that end we claim the following identities: 

(k,w) + (v,k) = (k,d) + (a,k), 

(v,y) + {y,vf) = (a,y) + (y,d). 

Indeed, recall that by assumption Hom(Z?, /) ~ Hom(yl, /) = and so IIom(iir, /) = IIom(y, /) = 0. 
Combining these observations with the Auslander-Reiten formulas of Proposition 13.31 gives 

(k, w — d) = (k, TV — ra — i) = (k, tv — ra) = — (v — a, k) , 

(y,w-d) = (y,TV-Ta-i) = (y,TV-Ta) = -(v-a,y). 
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These now give the desired identity: 

-i(a,d) + (l,x)-i(l + y,k + x) 



-i (a, d) + (a - k, d - y) - i (a - k + y, k + d - y) 

^(y,d) - i(k,d) - i(a,k) + i(k,y) + i(k,k) - i(y,k) + l(y,y) 
-^(v,y) - ^(y,w) - i(k,w) - i(v,k) + i(k,y) + i(k,k) - i(y,k) + i(y,y) 
(v-k,w-y) - i(v-k + y,k + w-y) - i(v,w). 



Now we may rewrite 172 as 



A,B,C,DJ,K,L,X,Y 



r, rW ipV fprB 

"■C^CD^ AB^ IC „(v-k,w~y)-^(v-k+y.k+w-y)-^(v. 

gl^.^l" - 1 



V ^ -i(v,w) (hx>-i(l+y,k+x);(.-(l+y)*--(k+x) 



K,L,X,Y ^ 



where the dependence on A only occurs in the product F^gF^j^ and the D dependence only occurs in the 
product F^jjF^Y- 1^- particular, the associativity of Hall numbers (|5.2I) applies and a2 may be rewritten as 



„ _ "■cFcxFlbFJc „ 

a' ,b,c,d' ,i,k,l,x,y 



^C^CX^LB^IC „(v-k,w-y)-4(v-k+y.k+w-y)-^(v.w) , 
ql^'^r - 1 



py ^-(a'+y)*-*(k+d') 
X ^ KA'^ D'Y^ 



_ ^ -i{v,w> (l,x>-i{l+y,k+x>T(^-(l+y)*-*(k+x) 

K,L,X,Y ^ 

By Lemma [5.41 and the Auslander-Reiten formula (|3.3p we have 

Y: Y.^cFE'xFfgF]E - E |HomP',rA');..,|=<zI^'-^'l°=<7[-^'^'l\ 

I,L,XB,C I,L,X 

So that (72 becomes 

_ \^ _1 {v-k,w-y)-i{v-k+y,k+w-y)-i(v,w)pV - (a'+y)' -* (k+d') 

A',D',K,Y ^ 

- E _ . f^,Fj^g-i(v^w)^(l,x)-l(l+y,k+x)^-(l+y)'-'(k+x) 

- V -^^ . F^ -i(v,w) (a',d')-i(a'+y,k+d')x-(a'+y)*-*(k+d') 

~ „[v,v]o _ T ka'^d'yv y ^ 

- V ^''^^'^^ ""^ Fy piy -^(v,w) (b.c)-l(b+d,a+c)Y-(b+d)-'-'(a+c) 
A,B,C,D ^ 

□ 

This completes the proof of Proposition 15.61 and thus of Theorem 15. 51 □ 

Our final result of this section is analogous to |H1' Theorem 17], [Q] Proposition 5.4.1], and I DXl Theorem 
3.8]. We again follow the Hall number approach of ^Hl^ Theorem 17]. Let W and / be valued representations 
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of Q, where / is injective. Write P = v ^(/) and note that P is projective with soc/ = P/ radP, moreover 
End(/) = End(P). From morphisms 9 :W ^ I and ^ : P ^ W we get exact sequences 

> G > W — ^ / > I' > , 

> P' > P — ^ W > F > . 

where G = kerO, I' = coker^ is injective, P' = ker7 is projective, and F — coker7. We introduce the 
foUowing notation needed for the proof of the theorem: 

Hom(M^,/)G/' = {H/ ^ / : / 7^ 0,ker/ = G,coker/ = /'}, 

Hom(P, W)p>F = {P ^ W : f ^ 0,keT f ^ P' , coker f ^ F}. 

Lemma 5.7. The size of the restricted Horn-spaces Hom(VF, /)g/' and }lom{P,W)piF can be computed in 
terms of Hall numbers, in particular we have 

(5.7) I Hom(l^, I)Gr \ - ^aF^gFIa, 

A 

(5.8) 1 Hom(P, W)p:f\^Y. <^bFYbFEp' ■ 

B 

Proof. Notice that the 9 exact sequence above can be spht into the foUowing two short exact sequences: 

> G > W A > 0, 

> A — ^ / » /' > , 

where gc — 9. Thus we have a surjective map T''^g ^ ^/'A ^ Hom(W, I)gi' with fiber over a morphism 
9 isomorphic to Aut(G) x Aut(A) x Aut(/'). Then the identity (|5.7p foUows from the equahty 

Hom(W^, I)gi' I = PAcPpA/aGaAar . 

A 

Now notice the 7 exact sequence above can be spht into the following two short exact sequences: 

> P' > P -^-^ B > , 

> B — ^ W > F > 0, 

where hd = 7. Thus we have a surjective map ^bp' ^ ^fb ~^ Hom(P, W)p' p with fiber over a morphism 
7 isomorphic to Aut(P') x Aut(P) x Aut(P). Then the identity ()5.8p follows from the equality 

I Hom(P, W)p,f\ - J2 PBP'PFB/ap'asap. 

B 

□ 

Theorem 5.8. Let W and I be valued representations of Q with I injective. Write P — v~^{l). As- 
sume that there exist unique (up to scalar) morphisms f G Hom(M^, /) and g G Hom(P, M^), in particular 
dimEnd(/) Hom(W, /) — dimEnd(p) Hom(P, VF) — 1. Define F, G, I', P' as above and assume further that 
Honi(P', F) = Hom(G, /') = 0. Then we have the following multiplication formula: 

(5.9) XwX"' = g-^^('"''*')XG * X"'' + q-h^^'^'^)-WA° Xp * Xp" . 
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Proof. We start by computing the product on the left using Lemma 13.21 1: 



X,Y 



q 



q 



X,Y 



Our goal is to show that this is equal to the right hand side of equation (|5.9p . We again accomplish this by 
cleverly rewriting each term on the right. We make the following definitions 



G,I' 



2^ [7,/]° _ 1 * ^ • 

F,P' 

Since there are unique nonzero morphisms W I and P W each of these sums collapses to a sin- 
gle term. Note that under the assumption dimEnd(/) Hom(py, /) — dimEnd(p) Hom(P, VF) — 1, we have 

I Hom(VF, /)g/' I = I iiom{P,W)p'F\ — g'^'^'" — 1 where we have used that End(P) = End(/). Thus we see 
that the right hand side of equation (15.91) may be written as q~2^( + w, i)-^ [/,/] Since / 

is injective, applying Hom(— ,/) to a short exact sequence 

y Y > W > X > 

induces a short exact sequence 

> Hom(y, /) > Hom(W^, /) > Hom(X, /) > . 

Since dimEnd(/) Hom(W, /) = 1 we see that either Hom(y, /) = Hom(Ty, /) = Hom(/, /) or Hom(y, /) = 0. 
Then (y,i) = -f]o either equals [/, /]o or 0. Now observe that our computation of X^X'^ above and the 
following Proposition complete the proof. 

Proposition 5.9. We may rewrite ai and a2 as 

ai = J2 q-'^^^'^^F^YX-y'-''+"\ 

X,Y:[YJ]°=Q 

q-i<y-^F^yX-y'-'-+'\ 

X.Y:lY,I]''> = [I,I]''> 

Proof. We begin with ai . Using Lemma 15.71 we may rewrite ai as 

rw pi 



- 2^ [/,/]" _ I 1 ^xyX 

A.G.I'.X,Y 
G^W 

«aJaG-^/'A -l(y,x) pG T^-y*--(x+a) + -i 
qlU]" _ 1 ^ ^^^^ 



A.G.I',X,Y 
G^W 



Note that by assumption we have Hom(G, /') = and thus Hom(F, /') = 0. Since G ^ W, we have A 
and Hom(A, /) ^ 0. Thus the induced exact diagram 
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» Hom(yl, /) > Hom(VK, /) > Honi(G, /) > 



Honi(r, /) 







implies Honi(F, /) — Hom(G, /) = 0. So we get the identity 

(y,x} = (y,w-a-y) 

= (y,w - y) - (y,i - i') 
= (y,w-y), 



and (Ji becomes 



V "-^-^AG-^/'A -l(y,w-y)j.G y-y'-'Cx+aj + 'i 



A,G,I',X,Y 

In the case G — W we have A = and 1 = 1'. Therefore we may rewrite ai and then apply the associativity 
of Hall numbers as follows 



V "-^^G-^J'A l(y,w-y) y-y--'(x+a) + -i 



A,GJ',X,Y 
A,G',r,X,Y ^ 



„-k(y.^)jpW T^-y*-*x+*i 



Notice that by Lemma [STTl we have 



so that (Ti becomes 



G',y ^ 



x,y:[F,/]o=o 
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Turning to (T2, recall that we have p* = [P/radP] = [sod] = *i. Combming this observation with 
Lemma 15.71 we may rewrite 02 as 

B,F.P',X,Y 



B,F,P' ,X,Y 
F^W 



Note that by assumption we have Hom(P', F) = and thus Hom(P', X) = 0. Since F ^ W, we have B 
and Hom(P, B) ^ 0. Thus the induced exact diagram 

> Hom(P, B) > Hom(P, W) > Hom(P, F) > 



Hom(P,X) 



implies Hom(P, X) = Hom(P, F) = 0. So we get the identity 

(y, x) = (w - b - X, x) 

= (w - x,x) - (p - p',x} 
= (w - x,x), 

and (72 becomes 

B,F,P',X,Y 
F^W 

In the case P = we have B ~ Q and P = P' . Therefore we may rewrite (J2 and then apply the associativity 
of Hall numbers as follows: 

r, PW pP 

rr — \^ O'B^FB^BP' „~^(w-x.x) pP x--(y+b)*-*x+'i 
B.F.P'X.Y ^ 



E -*- „-^(w~x,x) pty Y-y*-*^+*' 



E O'BFybFbP' ^-l(f' ,x) pW v-f'*-*x+*i 
— p-jj^— — (? 2\ '^XP'^ 

B,F',P',X,Y ^ 



Notice that by Lemma [5771 we have 



Y^Y^^bF^bF^p, = Y Hom(P,P')p'y = 

P',Y B P',Y 
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SO that CT2 becomes 



F'X ^ 



.[p,y\° „ 1 



- 2^ oi^.-fi" - 1 ^ 

X,Y ^ 

g-^(y,x>j;^H^^^-y*--x+-i 

X,y:[F,/]0=[/,/]0 

□ 

This completes the proof of Proposition 15.91 and thus the proof of Theorem l5.8l □ 

5.2. Commutation and Compatibility. Our eventual goal is to conclude that the quantum cluster char- 
acter applied to exceptional representations of (Q, d) coincides with the initial cluster Laurent expansion of 
all non-initial cluster variables. Recall that the cluster variables fit into quasi-commuting families and thus 
in this section we will consider what conditions we need on valued representations V and W so that the 
quantum cluster characters Xv and Xw quasi-commute. The following Proposition, inspired by }CC| Prop. 
3.6] and [Qj Equation (19)], will be the main ingredient. 

Proposition 5.10. Let V and W be representations o/(Q,d) with Ext"'^(F, W^) = 0. Then 



b,cG/C(Q) 
b+c— e 

Proof. Denote by tti : V ®W V the natural projections and consider as a subrepresentations of F ® 
via the natural inclusion. Fix B £ Gr^ and C G Gr^ and define 

Gr^®'^ = {Le Gr^f7 : ^i(L) = B, L n W = C}. 

Lemma 5.11. The following map is an isomorphism: 

C : Hom(B, W/C) > Gr^®^ 

f I > := {b + w eV ®W -.be B,w eW, f{b) = p{w)} 

where p : W W/C is the natural projection. 

Proof. Since p is surjective we can find for any b £ B an element w G so that f{b) — p{w) and thus 
ni{L^) = B. Also notice that OW — ker p = C. We define a map 

77 : Grl®^ > llom{B,W/C) 

Ll >f^ 

where f^{b) := p{w) for any w G W such that b+w G L. lib + w G L and b + w' G L then w — w'g LDW = C 
so that p{w) = p{w') and t] is well defined. It is easy to see that 77 o ^ and C ° ^ are identity maps. □ 



Define a map 
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L I 



. (^i(L),Lni^). 

The fiber over a point {B,C) is Gr]^'^'^, which by Lemma 15.111 is isomorphic to an affine space with 
^dimHom(B,H^/c) glemcnts. To complete the proof it suffices to show for B e Gr^ and G G Gr^ that 
dimHom(i?, Ty/G) only depends on the dimension vectors of B and G and thus all fibers have the same 
number of points. To this end we will show that Ext(i3, W/C) = so that dimHom(i3, W/C) = (b, w — c). 
Consider the following exact sequences: 



B 
C 



■ V - 
W 



■ VI B - 
W/C 



We apply Hom(— , W) to the first sequence and Hom(i3, — ) to the second sequence to get the following exact 
diagram taken from the corresponding long exact sequences: 



Exti(T/,M^) 



Exti(S,M^) 



Ext^(B,T^/G) 







Since Ext^(F, W^) = we get Ext^(B, W/C) = 0. 

Theorem 5.12. Let V and W be representations o/(Q,d) with Ext^ (y,W) = 0, then 

If in addition Ext^(W,V^) = 0, we have 

Proof. Using Lemma 13.21 and Proposition 15.101 we have 

^ J2 g^'^^^^'^^IGr^llGrf 



□ 



eeKiQ) b+c=e 
, ^-(b,w-c) 

^iACv.'w) ^ g-i(e,v+w-e) |^^V^eVl^|j^-e*-*(v+w-e 



. ^-(b,w-c)^-i(b,v-b)^-i{c,w-c>^iA(-b*-*(v-b).-c*-*(w-c)) 



eelC{Q) 



□ 



Theorem 5.13. LetV and I be representations of{Q,d) such that I is injective an(isupp(soc/)nsupp(y) 
0, then 

XvX"' = * X"' 

and 

XyX"' = q-^'^'^''^X'Xv. 
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Proof. Wc compute the following products using Lemma [ 

XvX^'= J2 g-5{e.v-e)|(^^y|^iA(-e*-*(v-e),*i)^-e*-*(v-e)+*i 
ee/C(Q) 

= g-5A-(*v,*i) ^ ^-i{e,v-e)|(^^y|^iA(*e-e*,'i)j^-e'-'(v-e) + *i 
ee/C(Q) 

= g-U(*v,*i) ^ ^_i(e,v-e)|g^y|^-i{e4>^-e*--(v-e) + -i^ 
ee/C(Q) 

X*'Js:y= ^ ^~i{e,v-e)|(^^y|^iA(*i.-e*-*(v-e))^-e*-*(v-e) + *i 
ee/C(Q) 

= q-5A(*i,*v) ^ ^-i{e,v-e)|(-.^y|^iA(*i,'e-e')j^-e'-'(v-e) + 'i 



eG/C(Q) 



9 



-iA(*v,*i) 



^ ^-i{e.v-e)|(^^y|^i(ea)^-e---(v-e) + *i^ 



ee/C(Q) 



For any i g supp(soc/) there are no morphisms from V to 5'i and thus Hom(y,/) = 0. This implies 
(e, i) = (v, i) = and the claim follows. □ 

Remark 5.14. It is clear that for any injective valued representations I and J, we have 

In particular, if I ~ li and J = Ij are the injective hulls of the simples Si and Sj , respectively, then we have 

X"'X'^ = q^^^X"^X"\ 



We see from Theorem 15.121 that a family of valued representations Vi , . . . , 14 will have quasi-commuting 
quantum cluster characters Xy^ , ■ ■ . , Xvt, exactly when Vi © • ■ • ® 14 is rigid. Moreover, Theorem 15 . 121 implies 
that for any rigid decomposable valued representation V we may factor the quantum cluster character Xy- 
This suggests that we should further restrict to indecomposable Vi such that Vi^Vjiovi^j. Since they 
both give rise to quasi-commuting families we would naturally suspect that there should be a relationship 
between clusters of ^^(B, A) and basic rigid representations of (<5,d). Now the support condition satisfied 
by local tilting representations combined with Theorem 15.131 is exactly what is needed to guarantee that we 
can obtain in this way a full cluster of n mutable variables. We will make these remarks precise in Section [7] 
when we explicitly construct a seed of Aq{B,h) from each local tilting representation of {Q,d). 

6. Mutations of Exchange Matrices 

Here we show that the Fomin-Zelevinsky mutation of exchange matrices associated to local tilting repre- 
sentations coincides with the mutation operation for local tilting representations defined in Section 13.21 

Since the valued quiver Q has no oriented cycles, according to |Ri2( Section 2.4] the Ringel-Euler form is 
non-degenerate. Also by Theorem 13.41 the classes of indecomposable summands of a local tilting representa- 
tion T are linearly independent in the Grothendieck group K,{Q). Since there are as many non-isomorphic 
summands of T as simple modules for Qt, their isomorphism classes form a basis of the Grothendieck group 
JC{Qt) C JC{Q). Notice that the isomorphism classes of projective objects Pi for i ^ suppT are linearly inde- 
pendent in IC{Q) and the Ringel-Eulcr form is non-degenerate when restricted to their span. Moreover, if we 
consider the isomorphism classes of summands of T and these projective representations we obtain a basis for 
all of JC{Q). Define the natural projections ttt '■ K.{Q) — > IC{Qt) and tt^ : JC{Q) — > span{[Pj] : i ^ suppT}. 

Definition 6.1. 

(1) Since the Ringel-Euler form is non-degenerate on IC{Qt), for i G suppT we may define left and right 
duals Xi,pi € IC{Q) and Xf , pf in 1C{Qt) satisfying: 



T 



T^riXi) = Af and TTriPi) = P 
{\J ,Tj) — Sijdi and {Tj,pf) — Sijdi for all j £ suppT. 
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(2) Fori ^ suppT we define left and right duals Xi,pi € JC{Q), Xf , pf E IC{Qt), and S spanjPi : 

i ^ suppT} satisfying the following identities: 

ttt{K) = Af and tttIpi) = pf , 
7rJ(Aj) = and n^ipi) = pi, 
i^I'Tj) = (5"^,^,-) and {Tj,pJ) = {Tj,Si) for all j G suppT, 
(A^, Pj) — Sijdi and {Pj, p^) — Sijdi for all j ^ suppT. 

Write Ai = ^ £ij[Tj]+ ^ £ij[Pj] a.nd pi = ^ ''y l^jl- Note that it still remains 

jGsuppT j^suppT jGsuppT j^suppT 

to define £ij and rij for i G suppT and j ^ suppT. We begin with the following Lemma which motivates 
that definition. 

Lemma 6.2. 

(1) The matrices L'^ — and — {rij) with rows and columns labeled by suppT are related by 

jjT _ (^jjTj^Ty where ~ (dij) is the diagonal matrix given by dij — Sijdi for i,j G suppT. 

(2) The matrices L'^ — {£ij) and R'^ = {rij) with rows and columns labeled by i,j ^ suppT are related by 
L'^D'^ — {D'^R'^Y where D'^ ~ {dij) is the diagonal matrix given by dij = 5ijdi for i,j ^ suppT. 

Proof. By pairing Xf and pJ for i,j£ suppT we see that £fjdj = rj^di. Similarly, by pairing A^ and Pj for 
i,j ^ suppT we see that i^jdj = r^.^di. The result follows. □ 

Thus we complete the definition of the matrices L = {£ij) and R = {rij) by declaring that LD = {DPy. 
Note that this uniquely defines Tr^{Xi) and 7r^(pi) for i g suppT. 

Suppose k G supp(r) = supp(r). We will write Aj*", Pj*", X^'' and p^'' for the duals with respect to the 
Tfe ® T-basis and the T^ ® T-basis respectively. Recall the matrix Bt = {bjj ) from Section[3^ The following 
Lemma is based upon [Hlj Lemmas 24 & 25]. 

rp ^* rp p* 

Lemma 6.3. We may compute TTxi^^'^), '^ri^k'^ ), '^t{PjJ'), CL'^d iTTipjJ' ) o,s follows: 

M>^ln = -M>^ln = [Tk] - \A\ and ~ MpI") = Mplh - K] - [D]. 

rp p* rp p* 

We may also compute '^xi^k^)^ '^ri^k^)^ '^riPk^)' ^'^^ '^riPk^) cls follows: 

M^l") = -^t(A?) = [BY- and ^^^{pl") = -n^f^^) = 
where we write e*^ = ^ (e,aJ)[Pj] and ^ (aJ,e)[Pj]. Moreover, for i G suppT we have 

j^suppT j^suppT 

= Xj" + [-b^S+d^/dkXl" and pI^ = pJ" + [-bJ^Ud./d.pl" , 
and for i ^ supp T we have 

A > = A > and p> ^ Pi ■ 

Proof. According to the proof of Proposition 13.91 we have {A,Tk) = and {A,Tj) — {Tk,Tj) for all j G 

supp(r), j ^ k. Since A G add{T) we see that 'Kt{X^'') — \Tk\ — [A\. Similarly one sees that i^T{Pk°) = 
[T^] - [D]. Now notice that 

{7rT(A^'=) + 7rT(A[^*),[7:,-])=0and 

(7rT(A^'=) + TTTlAp), [n]) =dk + {iTT{Xln, [E] - m]) = dfe - 4 = 0, 

rp p* 

SO that 7rT(Aj,'') + 'Kt{XjJ' ) = by the non-degeneracy of the Ringel-Euler form on K{Qt)- Similarly we 
compute 

(K-],^T(pr^) + 7rT(pF)) = 0and 

mUApl") + 7rT(p?)) =du + {[E] - [nUT{pl^)) = dfc - 4 = 0, 
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SO that TTTiPi^'') + itt{p^.'' ) = 0. Assume i,j G suppT and i,j ^ k. Then we may obtain identities relating 
TTTiXj'') and 7rT(Af'° ) as fohows: 

(^T(Af'^)-7rT(A^*),[T,-]) = 0and 

(^T(Af'=) - nriXjn, [Tk]) = -{M>^J^), [E] - K]) = -[-bj^hd,, 

SO that ttt{\ — '^ri^i ) — ~[~b^^]+di / dhTTTi^^'') ■ We remark that this imphes the same identity holds 
when we replace ttt by tt^. Indeed, for j ^ suppT we may compute the pairing (— , 7r^(pJ'')) on both sides 
of the desired identity as follows: 

{niriXf")- MxTn.^ripf)) = ^f^d, - ijf d, 

= rjld,-rj^^di 

{-[~b^i]+d,/duM>H.'')^^T{pf)) = -[-h2]+d,ldktl'',d, 

= -[-bJ^UdJdkrJlldk 

= {-[-bJ^Ud,/d,7rT{\l''lMpJ''))- 

Now notice that the right hand sides of these are equal for all j ^ supp T by the previously obtained identity. 
Since the Ringel-Euler form is non-degenerate this implies 7r^(Aj'°) — 7r^(Aj'°) = —[—b-^]+di/dkni^{Xf.''). 
Similarly we obtain identities relating ttt {pf'' ) and ttt (pf'' ) : 

{[T,],nT{pJ'')-7TT{P?))^0^^d 

([T,],7rT(pf'=) -^T(pf^*)) = -{[E] - [T^lnripf^]) = -[-5^^+^., 

so that nripf") - ^t{pT' ) = -[-bl^d^dkMpl") and n^^ipj") - n^^ipj^) = -[-bJ-]+d, / d^^^^ipl") as 
above. Notice that for i ^ supp T we have 

(^T(Af'')-^T(Af^*),[T,])=Oand 

{iTTiX",") ~ ^T(Af^*), [Tfe]) = (5., [Tfc]) - (S„ [E] - [T;]) - 0, 

so that the non-degeneracy of the Ringel-Euler form implies ■nT{X^^) — T^T{X^'' ) = 0. Similarly one shows that 
— ) = 0. Note that we may write these identities in the T © Tfc-basis and equate coefficients 

of [Tfc] to get (i^l: = -£f^ and rj^ = -rf^ , or equivalently r^^ = -r^f and £'^^ = . In other words, we 

rp rp* rp rp* 

have T^T^Pk') — "'^riPk'' ) and T^ri^k^) — ^^ri^k^ )■ ^or i ^ suppT we have the following: 
(^t(A^'),^t(p?)) = {nrixf^), K] - [D]) = (5„ [T,!] - [D]) = (5„ [C]). 

rp* rp* rp* 

On the other hand this is equal to dk — I'f.^di and thus n^{pf.^ ) — *''[C]. A similar computation with 
(7rT(A^''),7rT(pf'')) gives {[B],S^) = rf^dk = tjj[d, and 7rf,(A^'^') = [B]*^. Finally we note that 7rf,(Af'=) and 

rp* ~ rp* _ 

7r^(Aj ^ ) have the same defining equations. Therefore we have 7r^(Aj = 7r^(Aj ) and similarly 7r^(pj ''') = 
n^AP?)- □ 
The following Proposition is based upon [HI, Proposition 23]. 

Proposition 6.4. Thinking of the k^^ column b'' of Bt as representing an element of IC{Q) written in the 
T (B Tk-basis, we may write 

" - Pk ^ \ ■ 

Similarly, thinking of the k^^ column b*^ of B^^.^f as representing an element of JC{Q) written in the T^®T- 
basis, we may write 

° - Pk ~ ^fc ■ 



26 



D. RUPEL 



Proof. According to Lemma 16.31 we may write 

pI" - ^l' = [D] - [m - [C] - [Tk] + [A] - [BY- 
= [A] + [D]-[E] + *-[tB]-*-[C] 
= [A] + [D] + *-[I]-[E], 

but this is exactly b*^. From above we see that PfJ' = — p^*" and A^,*" = ^A^*" , the result for Brp,^j. follows. □ 

Let r be a local tilting representation with k ^ supp(T) and write T — T ® where is the unique 
compliment to T. We will write X^'' , p^'' , and p^ for the duals with respect to the T (£> T^^-basis and the 

^ - ) dpfinpd in Spr-tinn Thp fnlt 



T-basis respectively. We again recall the matrix Bt = {bj'' ) defined in Section [XH The following Lemma is 



based upon |H1[ Lemma 28] . 
Lemma 6.5. We may compute 7Tt{X^'° ), 7rj.(A|), T^T{Pk° ), and TTf{p'j:) as follows: 

^t(A?) = in] - [F] and MpI^ = " [G], 
T^ri^t) = -[radPfe] and ir^iPk) = -[h/Sk]- 
We may also compute 7ry(A^'°), 7r|^(A^), T^riPk')' '^^d tt!^{p'1) as follows: 

^t(aF) = -[PT" and mpI^) = 

= [Pk] - and = [Pk] - [PT"- 

Moreover, for i £ supp T we have 

7rj,(Af) = 7rT(Af^-) + [-6j]+d,/47rT(A^^' ) and = MpT') + [b^,n + d.l d^Mpl^), 

4(A,^) = 7r^(Af^-) + [-6j]+d,/47r^(A^^') and i:^p\) = ^^^(pf^-) + [6^^] + d,/dfe^J(p^^- ), 

and for i ^ supp T we have 

^Ti^H) = ^T(Af^*) + [-6j]+d,/4^T(A?) and ^^iJl) = ^t(pF) + [5^i+d,/4^T(p? ), 
4(A,^) = ^^.(Af'^- ) - [6^^]+d./4.4(A^) and = ^^.(pf^') - [-6^^]+d,/44(p^). 

Proof. Applying the functor Hom(— ,Tj) for j G supp(T) to the sequence 

> Pfe > > F > 

shows that Hom(F,T,) ^ Hom(T^*,Tj) and thus {F,Tj) = {Tj^,Tj). Similarly we may apply Hom(rj, -) to 
the sequence 

> G > T* > Ik > 

to see that {Tj,G) ^ {Tj,T^). From the proof of Proposition |3l] we have that llom{F,T^) = and by 

a similar argument Hom(Tj!',G) = 0. Since F,G E add{T) we may identify iit{X^.'') — [T^] - [F] and 

^T(p?) = ra-[G]. 

Recall that we have the following short exact sequences defining P' and F: 

> Pk > T* > F > , 

> P' > Pfe > Pk > . 

Applying Hom(Pi,— ) to the first sequence shows that llom{Pi, Pk) = for i ^ suppT and thus applying 
the same functor to the second sequence gives llom{Pi, P') = Hom(Pi,Pfc) for i ^ suppT. By noting 
that Hom(Pfc,P') = we see that 7r|,(p^) = [Pk] - [P'] = [Pk] - [P']*'' ■ Since k ^ supp(T') we have 
Hom(Pfc,P) = 0, in particular (Pfe,T) ^ 0. Thus we see that -(radPfe,P,) = (S'fc,Tj) for j e supp(T') and 
hence 7ry(A^) = -[radPfc] e K.{Qf). 
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Similarly we have the following short exact sequences defining G and /': 

> G > T* . Ik > , 

> Ik > Ik > I' > . 

Applying the functor Hom(— ,7j) we see that Honi(7fc,7j) = Honi(7',7j) for all j ^ suppT. Recall that 
the inverse Nakayama functor is an equivalence of categories from the full subcategory of Repj.((5, d) 
consisting of injective objects to the full subcategory consisting of projective objects. Thus we see that 

Rom{Pk,Pj) = Rom{iy-^Ik,iy-^Ij) 

^ Ilom{u-'^I',v-^Ij) = Uomiiy-^ r , Pj) 

and Hom(:/-i7',Ffe) = liom{iy-''^r,iy~^Ik) = 0. Thus we see that 7r|(A|) = [Pk] - [iy~^I'] = [Pk] - 
Since k ^ supp(T') we have Hom(T, 7^) = 0, in particular {T,Ik) = 0. Thus we see that —{Tj,Ik/Sk) = 
{Tj,Sk) for j G supp(T) and hence TTf {Pk) = —[Ik/Sk] S ]C{Qf). To obtain the remaining duals T^^iPk'') 

rp* 

and TTj'i^k'' ) '^^ assume i ^ suppT and compute 

(7rT(Ap),7rT(p?)) = (7rT(A^*), [T,*] - [G]) = {S,, [T,*] - [G]) = {S,, [h] - [I']) = -{S,, [I']). 

On the other hand this is equal to ifj^ dk = di and thus T^xiPk' ) — [^']- ^ similar computation with 

{'KT{>Z'),MpTn) gives -{[P'lSi) = r^idk = d, and 7r^(A?) = -[P']*^. 
For i e suppT we may compare ■kt{^'° ) and Tr-f (A^) as follows: 

(7rT(Af^*)-7r^(Af),[T,])=0and 

(TTTCAf^*) - TTf (A,^), [t;]) = -(7r^(A,^), K]) = -(7r^(A,*), [G]) = -[-b'iUd,, 

/p* rp* rp* rp* 

so that t^t{\'') — T^ti^i) — ~[~^ik]+^i/'^k'^T{^k^)- Similarly we may compare i^riPi'^) ^"^^ (pf) ^■s 
follows: 

([T,],7rT(pF)-7r^(p?)) = 0and 

mUripT') - MpD) = -{[TkUTiP^)) = -{[FUt{p^)) = -[bfihdi, 

so that T^riPi'') ~ ^rip't) ~ ~[^i^]+'^i/^fe'''T(Pfc'° )• Now we suppose i ^ suppT. Then we may compare 
7rT(Aj ) and Trf{Xf) as follows: 

(7rT(Ap)-7r^(A?),[r,])=0and 

{MX?) - (A,^), m = {Si, m - (TTf (Af ), [G]> = {Su in] - [g]> = {s^h - /'> = -i-bfiud,, 

so that TTrixf'' ) — 7rf(Af) = — [— 6^ ]+rfi/dfe7rT(A^'° ). For j e suppf we consider the coefficient of [Tj] in 
this identity to get 

-e'^, = -[-bJi]+d^/dkelj 

^dj-i^^d, = -[-bl^]^d,/dkfkidj 

T k 1 111 /jT", 



r^^ d, - r%di = r^l d,/4^fe| dj 
rjt -4=^^dj/dkr^t^ 

which we may recognize as giving the coefficient of [Pi] in the identity ir^ipj'' )—''^f{Pj) = ~[bjk]+dj /dk'Jr^ip'^'' ] 
Similarly we may compare TTxiPi '' ) ""f (Pi ) ^ follows: 
([T,],7rT(pF)-Mp5=))=Oand 

{[nuHp?) - mp^)) = m],Si) - {[FUrip^)) = {[n] - [F],Si) = {Pk - p',Si) = -[bfiudu 



so that iTT{Pi ) — T^riPi) — "i^^ik ] + duT^riPk' )■ For j £ suppT we again consider the coefScient of [Tj] 
in this identity to get 





ij 


= -\bfihdJdkr^j 






= - [b^ik]+dildkrl';d, 




f'^d 


= eltd^/dkrl;;dJ 




pk 


= r^d,/dki^, 



which we may recognize as giving the coefficient of [Pi] in the identity n^{Xj'' )—n^{Xj) — — [—bjk]+dj/dkni^{Xi^'' ). 
We may also compare tt^{xJ'° ) and 7r|,(A*^) as follows: 

(7rf,(Af'^-)-4(A,f),[P,-]) = 0and 

{^t{>^?) - m = (^t(aF), m - (^5^(A^- ), [P']) = \l^hd,, 

so that TT^{XJ'° ) — 7r|,(Af) = [bJ^]^di/dkTr^^{X'j^). Finally we may compare 7r^(pf'° ) and T^fiPi) as follows: 
([P,-],^f,(p^')-4(p,^))=0and 

([^^],^t(p^') = mi^TiP?)) = {W-'nTT^AP?)) = l-bJihd,, 

so that ttAp?) - nApf) = [-bJi]+dJdknApt). □ 
The following Proposition is based upon [HI, Proposition 27]. 

Proposition 6.6. Thinking of the k^^ column b'' of Bt as representing an element of IC{Q) written in the 
T (B -basis, we may write 

o - Pk ~ \ ■ 

Similarly, thinking of the fc*'* column b*^ of Bf as representing an element of JC{Q) written in the T -basis, 
we may write 

bk k \k 

= Pk~ \- 

Proof. According to Lemma 16.51 we may write 

pI" - = [m - [G] - [/'] - [m + [F] + [p'r^ 

but this is exactly the fc*'' column of Bt- Similarly we have 

pI-xI = -[h/Sk] + [Pk] - [P'Y' + MP,] - [Pk] + *ni'\ 
= -[h] + [Sk] - [P']*' + [Pk] - [Sk] + 

= -[T*] + [G] - [PT" + K] - [F] + [I'] 
= [G] + *-[/']-[P]-[Pr^ 
but this is exactly the fc*'' column of B^- □ 
We are finally ready to show that mutation of tilting pairs corresponds to mutation of exchange matrices. 

Theorem 6.7. Suppose p.k{T) = T' . Then Bt and Bt' are related by Fomin-Zelevinsky matrix mutation 
in direction k. 

Proof. Note that we have shown for any vertex z G Qo we have b* = pf'' — Xj'' for k e supp T and b' — — Xf 
when k ^ supp(r). In particular, this implies that the matrices Bt and Bt' are skew-symmetrizable, i.e. 
DBt and DBt' are skew-symmetric. We will have two cases to consider. 

Case 1: Suppose we have k € supp(T) — supp(T'). Write Tjf ^ Tk for the unique compliment of T. We 
will show that P^eT* = EBtF where the matrices E and F are given by (|4.2p . We will consider the j'^ 
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column = of as an element of /C(Q) via bJ = J2 E fo^' [P*] • First note that 

iSsuppT i^suppT 

when j ^ supp T we have bjj^ > and so 

{BtFY = V + \b^]+h'' 

- b^' + hbj^hd./dkh'^ 

= Pj -h 
= B^- 

Then since b^ := J2 [-bfkhiTt] + E [-Cl + I-fd is [E] the short exact sequence 

iSsuppT i^suppT 

> T* > E > Tfc > 



implies that the change from the ToT^-basis to the TQTjf-basis is given by left multiplication by the matrix 
E from equation (|4.2p . Hence the columns of Bf^j,^ and Brp^^^, are related by the Fomin-Zelevinsky 
matrix mutation. Now we suppose j G supp T and make the following similar computation: 

{BtFY = + [-6^']+d,/dfcb^- 
= B^- 

T®T' 

Again note that the change from the T © Tfc-basis to the T © T^-basis is given by left multiplication by the 
matrix E from equation (|4.2I) . This completes the proof in the case k G supp(r) = supp(T). 

Case 2: Suppose k ^ supp(T). Then T has a unique complement Tjf such that © T is a local tilting 
representation and supp(Tj!' © T) = supp(r) U {k}. Note that by the definition of Bt and B^ their /c*'* 
columns are related by the Fomin-Zelevinsky matrix mutation. Thus our goal is to show for i,j ^ k that 

^% ~ ^ij ~^ ^ij ^"-"^ ^ij ~ \^ik^ + ^kj + ^ik [~^fcj ] + ' have three sub-cases to consider depending on the 
positions of i and j . 

(1) Suppose j e suppT and i ^ k. Then according to Lemma 16.51 we have 





nk 
























- h&g 






= - 








= ^f- 


y [€] + 


([&g]+-[-^g] + ) + ([&J]+-h€]- 






^ [€] + 







-feg]+ 



(2) Suppose j ^ suppT and i e suppT. Following Lemma l6.5l we have 



and the proof proceeds as in case (1). 
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(3) Finally suppose i,j ^ suppT. Then Lemma 16.51 gives 
This completes the proof. □ 



7. Quantum Seeds Associated to Local Tilting Representations 

In this section we assign a quantum seed = (X^, Bt) to each local tilting representation T. Combining 
with Theorem 16.71 we will complete the proof that all cluster variables are given by the quantum cluster 
character applied to an exceptional representation of {Q,d). 

Recall that starting with a principal compatible pair (-B,A) we construct the quantum cluster algebra 
A\r\{B, A) with initial cluster {Xi, . . . , X^} and a valued quiver (Q, d) with principal frozen vertices. For a 
local tilting representation T we define the cluster Xt = {X[, . . . , X^} as follows: 



X' 



if i ^ supp T, 
if i e supp T. 



Recall that the exchange matrix Bt was defined in Section 13.21 We will only consider those local tilting 
representations which may be obtained from the trivial local tilting representation Tq = by a sequence of 
mutations. 

Proposition 7.1. The matrix Bto is the initial exchange matrix B . 

Proof. Notice that {Pi, Sj) — Sijdi so that pj — Sj. On the other hand we may write 

rjidi = {P],Si) = {Sj,S.i) = -[djbji]+ = -[~dibij]+, 

so that rji — —[—bij]+ and £ji = rijdj/di — —[bij]^. Following Proposition l6.6l we may compute the zj-entry 

of Bto as bf" = rji ~ £ji = [6,^]+ - [-6^]+ = b^j. □ 

Recall that the cluster X^ should consist of quasi-commuting elements. In Section we have already 
computed the commutation for the cluster X^ and thus we have defined the commutation matrix At 
intrinsically in terms of the local tilting representation T. To give At explicitly, we write /j for the injective 
hull of the simple valued representation Si, and write for its dimension vector. Also we will write for 
the dimension vector of the summand Ti of T. 

Proposition 7.2. Let T be a local tilting representation. Then At — i^'ij) is given by 

'A{*U,*ij) ifiJiauppT, 
-A(*ii,*tj) if i ^ suppT and j £ suppT, 
-A{*ti,*ij) if i G suppT and j ^ suppT, 

X*t„*tj) tfi,jesuppT. 



K] - 



Following Remark 15.141 we have Atq = A so that Stq — (Xto, Bto) forms the initial seed for the quantum 
cluster algebra A\¥\{B,K). We now obtain the main technical result of this article. 

Theorem 7.3. Suppose p.k{T) = T' . Then the quantum seeds Et and St' o,fe related by the quantum seed 
mutation in direction k. 
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Proof. Note that the muUiphcation formulas of Section [??T] exactly correspond to the Berenstein-Zelevinsky 
quantum cluster exchange relations relating Xj^ and Xt' • We have already shown in Theorem 16.71 that 
fJ-kiBr) — Bt' ■ To complete the proof we remark that the compatibility of the pair (B, A) guarantees that 
each cluster consists of a quasi-commuting collection of cluster variables and that the commutation matrices 
of neighboring clusters are related by the Berenstein-Zelevinsky mutation rule. □ 

Since the quantum seed Sto identifies with the initial quantum seed of A\-f\{B,K) this completes our 
goal of generalizing the classical cluster characters of Caldero and Chapoton to the quantum cluster algebra 
setting. 

Corollary 7.4. |RuH Conjecture 1.10] The quantum cluster character V i— > Xv defines a bijection from 
exceptional representations V of{Q,d) to non-initial quantum cluster variables of the quantum cluster algebra 
A\r\{B,A). 

This completes the proof of Theorem 11.11 from Section [TJ 

Note that since there is a unique isomorphism class for each exceptional valued representation, the isomor- 
phism classes of rigid objects in the Grothendieck group IC{Q) are independent of the choice of ground field 
F. This corollary together with the specialization argument of Q, Proposition 2.2.3] immediately implies 
the following 

Corollary 7.5. Let V be a rigid representation in Repjr((5, d). Then for any e £ KL{Q) the Grassmannian 
Gr^ has a counting polynomial Pgiq) such that \Gr^\ = P^(|F|). 

Proof. In [Qj Proposition 2.2.3] Qin shows that there is a support preserving surjection from Aq{B, A), where 
q is an indeterminate, to ^|F|(i?,A). The quantum Laurent phenomenon |BZ| asserts that the structure 
constants of the initial cluster expansion of any cluster monomial live in Z[g^2]. Thus for each rigid valued 
representation there is a Laurent polynomial L'^{q) in which specializes to Lg(|F|) = |F|^2<®'"^^®)|G'r^|. 
Now since \Gr^ \ is an integer for all finite fields F, we see that P^{q) = 95(e,v-e)^v(g) 

is an honest polynomial 

inq and P^{\¥\) ^\Gr^\. □ 

We conjecture that these polynomials always have positive coefficients. 

Conjecture 7.6. For any acyclic valued quiver (Q, d) and any rigid representation V , the polynomial 
Pgiq) G Z[g] has nonnegative integer coefficients. 

Qin [Q] has settled this conjecture for acyclic equally valued quivers. The positivity of these counting 
polynomials in skew-symmetrizable rank 2 Grassmannians follows from the results of our recent combinatorial 
description of noncommutative rank 2 cluster variables in |Ru2] . In a recent preprint jE] , Efimov shows in 
the acyclic equally valued case that in addition the counting polynomials are unimodular, i.e. they are a 
shifted sum of bar-invariant (/-numbers. We conjecture that this property always holds. 

Conjecture 7.7. In the hypotheses of Conjecture \7.6\ the polynomial P^iq) G '^[q] is unimodular. 
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